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ABSTRACT
Auger Collaboration has reported a large-scale anisotropy in the arrival directions
of cosmic rays above 8 EeV. The dipole direction, at 125◦ from the Galactic center,
is taken as an indication of an extragalactic origin of these cosmic rays. We show,
both theoretically and by direct numerical simulations, that this is not necessarily
true. Intermediate mass nuclei originating in the Galaxy and diffusing in the Galactic
magnetic field can have a dipole anisotropy pointing away from the Galactic center.
Our theory predicts a quadrupole anisotropy of the same order of magnitude as the
dipole.
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1 COSMIC RAYS: WHY EXTRAGALACTIC?
At first sight, it would seem strange to assume that cosmic
rays (CR), in any energy interval, are extragalactic. We are
located at d ≈ 8kpc from the Galactic center, the density of
L⋆ galaxies is about n ∼ 10−2Mpc−3. For the Universe to
outshine the Galaxy in CRs, even neglecting CR diffusion
in the Galaxy, one would have to collect extragalactic CRs
coming from the distance of about 1
nd2
∼ 103Gpc, which
is way outside the horizon. The Galaxy should dominate in
CRs just as it dominates in the visible light, unless there is
a large, ∼ 300, bias in the extragalactic CR sources.
There are only two reasons to think that some CRs are
extragalactic. Consider ∼ 100EeV CRs, and assume, just for
the sake of the argument, that these are all protons. These
particles travel almost undeflected by the Galactic magnetic
field. If they originate in the Galaxy, the arrival directions
should show anisotropy much larger than the current upper
bound.
Another argument for the etragalactic origin comes
from the estimate
L & c
(
E
Ze
)2
∼ 3× 1041 × Z−2E2EeV ergs (1)
of the luminosity L of a source of CRs with charge Z and
energy E = EEeVEeV. For ∼ 100EeV protons, this gives
L & 3 × 1045 erg
s
. We must conclude that CRs come from
bursts, like gamma-ray bursts (Waxman 1995) or super-
massive black hole flares (Farrar & Gruzinov 2009), because
there are no permanent sources with L & 3× 1045 erg
s
within
the GZK sphere. Such bright bursts are supposedly rare, and
⋆ E-mail: ag92@nyu.edu
each of them, if Galactic, illuminates Earth for only about
100y. If the bursts happen in the Galaxy at a rate smaller
than one per 100y, we are likely to get no Galactic CRs at
all.
Both arguments in favor of extragalactic CRs disappear
when we replace 100EeV protons by 8EeV intermediate mass
nuclei, which we take, following Auger (2014) to have Z = 7,
representing CNO nuclei:
(i) These CRs are strongly deflected by the Galactic mag-
netic field and travel through the Galaxy diffusively. They
will become roughly isotropic, even if they originate in the
Galaxy.
(ii) The luminosity of the sources drops from L & 3 ×
1045 erg
s
to L & 3 × 1041 erg
s
, these bursts will occur more
often.
(iii) The residence time in the Galaxy is increased from
∼ 104y to about ∼ 106y. This increases the density of CRs
within the Galaxy.
(iv) The Earth illumination time is increased from ∼ 102y
to about ∼ 106y. Now the Earth can be illuminated even if
the bursts are as rare as one per 106y per galaxy.
One does not expect perfect isotropy for CRs of Galac-
tic origin and indeed Auger (2017) detect some anisotropy:
“The anisotropy, detected at more than the 5.2σ level of sig-
nificance, can be described by a dipole with an amplitude of
6.5+1.3−0.9% towards right ascension αd = 100±10 degrees and
declination δd = 24
+12
−13 degrees. That direction indicates an
extragalactic origin for these ultra-high energy particles.”
We will show that the last statement – “...direction in-
dicates an extragalactic origin...” – is not necessarily true.
Our proposal is as follows: (i) Galactic Z = 7, E = 8EeV
CRs have dipole anisotropy because they diffuse and their
c© 2017 The Authors
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density has a gradient; (ii) on average, the dipole points
along the density gradient, to the Galactic center; (iii) lo-
cally, the dipole is magnetically lensed and can occasionally
point away, at more than 90◦, from the Galactic center.
We first give a qualitative discussion of CR diffusion at
high energy (§2), then develop a rigorous theory (§3), and
then confirm the results by a direct numerical simulation of
CR propagation in magnetic field (§4).
2 CR DIFFUSION AT HIGH ENERGY:
QUALITATIVE
At high energy, when the CR Larmor radius ρ ≡ E
ZeB
is
much larger than the coherence length of the magnetic field
rc, a rigorous theory of CR diffusion can be developed. At a
qualitative level, it goes as follows.
After passing one coherence length rc, the CR is de-
flected by θ ∼ rc
ρ
. The resulting diffusion in the propaga-
tion direction is described by the angle diffusion coefficient
Da ∼ θ2rc/c ∼
crc
ρ2
. This gives the mean free path λ – the dis-
tance needed to deflect a CR by an angle ∼ 1: λ ∼ c
Da
∼ ρ2
rc
.
The CR then diffuses in space with the diffusion coefficient
D ∼ cλ, or
D ∼ cρ
2
rc
. (2)
If R is the “size” of the Galaxy, the dipole anisotropy
d ∼ D
cR
∼ ρ
2
rcR
(3)
will result.
To see if one can get a reasonable dipole, we need to
know the Galactic magnetic field, both the rms field B and
its coherence length rc. The most detailed picture of a mag-
netic field in a spiral galaxy is provided by numerical sim-
ulations (e.g., Pakmor et al. 2017, 2018). Although the ap-
plicability of such numerical results is questionable, the ac-
tual mapping of the Galactic magnetic field (e.g., Han et al.
2018; Jansson & Farrar 2012) is not in contradiction with a
simulated magnetic field. As a crude summary,
B ∼ 1− 10µG, rc ∼ 0.1− 1kpc (4)
within ∼ 10kpc radius and ∼ 3kpc height. With Z = 7,
E = 8EeV we get the Larmor radius
ρ ∼ 0.1− 1kpc. (5)
For the limiting case ρ ∼ rc, when our estimates are still
roughly applicable, we get the dipole
d ∼ 0.01 − 0.3. (6)
On average, the dipole points to the Galactic center,
under a reasonable assumption that CR sources either come
from stars of from Sgr A∗ flares. But in the limiting case
ρ ∼ rc, magnetic lensing rotates the local dipole by an angle
θ ∼ 1. At some observation points, the dipole may point
away rather than to the Galactic center.
The same magnetic lensing will also give rise to higher
multipole anisotropy, with a local quadrupole Q of the same
order of magnitude as the dipole.
In summary, assuming ρ ∼ rc ≪ R, we expect cosmic
ray anisotropy with the following characteristics:
• dipole anisotropy d ∼ rc
R
;
• the dipole points mostly to, but sometimes away from
the Galactic canter;
• quadrupole anisotropy Q ∼ d.
Both theory and direct numerical simulations presented in
the following sections confirm these qualitative results.
3 THEORY OF CR DIFFUSION AT HIGH
ENERGY
Rigorous theory of CR diffusion is possible for
ρ≫ rc. (7)
We develop this (quite straightforward) theory below. The
theory confirms the qualitative results of §2.
3.1 Magnetic field
Consider CRs diffusing in a random static isotropic parity-
invariant magnetic fieldB. The magnetic field has zero mean
< B >= 0, (8)
and the second-order correlation function
< Bi(r1)Bj(r2) >= Φ(r)δij +Ψ(r)rˆirˆj , r = r2 − r1, (9)
where, by solenoidality,
r
2 d
dr
Φ+
d
dr
(r2Ψ) = 0, (10)
which is solved by
Φ = X ′′ +
1
r
X
′
, Ψ = −X ′′ + 1
r
X
′
, (11)
with an arbitrary X(r); the reason for an extra derivative
will become clear momentarily. Higher-order correlators are
not needed for our purposes.
In Fourier space,
< Bi(k)Bj(k
′) >= (2pi)3δ(k+ k′)M(k)(δij − kˆikˆj). (12)
The real and Fourier space correlators are related by
X(r) = −
∫
d3k
(2pi)3
M(k)
k2
e
ik·r
. (13)
Note thatM(k) is an arbitrary non-negative function, mean-
ing that admissible real space correlators must be given by
Eq.(11) with non-positive Fourier components of X.
To facilitate comparison of the forthcoming rigorous re-
sults and the qualitative results of §2, we must introduce the
characteristic magnetic field B and the coherence length rc.
For B we just take the rms field:
B
2 ≡< Bi(r)Bi(r) >= 3Φ(0) = 1
pi2
∫ ∞
0
dk k
2
M(k), (14)
where we used Ψ(0) = 0, as follows from Eq.(11).
The coherence length is most naturally defined in terms
of the mean wavenumber:
1
r2c
≡ const ×
∫
d3kM(k)k2∫
d3kM(k)
, (15)
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with some arbitrarily chosen constant. We adopt
r
2
c ≡ −2 Φ(0)
Φ′′(0)
= 5
∫∞
0
dk k2M(k)∫∞
0
dk k4M(k)
. (16)
We will use a simple analytic correlator (with negative
Fourier components of X):
X = −1
6
r
2
cB
2
e
− r
2
2r2
c (17)
Φ = −
(
2
r2c
− r
2
r4c
)
X, Ψ = −r
2
r4c
X, (18)
< Bi(0)Bj(r) >=
1
6
B
2
e
− r
2
2r2
c
(
(2− r
2
r2c
)δij +
rirj
r2c
)
, (19)
for concrete illustrations of the results.
3.2 Dipole anisotropy and diffusion coefficient
The CR distribution function f(r,p) satisfies static Boltz-
mann equation
pˆ · ∂f
∂r
+ (pˆ×B) · ∂f
∂p
= 0. (20)
Here we assume very high Lorentz factors, and units
c = Ze = 1. (21)
We will solve the Boltzmann equation (20) perturbatively
assuming small B. Here small B means ρ≫ rc where
ρ =
p
B
=
E
B
, (22)
E is the CR energy. Hence, the theory works for high-energy
CRs.
The unperturbed, zeroth-order, distribution function
satisfies
pˆ · ∂f
(0)
∂r
= 0. (23)
To simplify the theory, we consider mono-energetic CR spec-
trum, with E = 1. Since the actual CR spectrum is steep,
and we only consider CRs above a certain threshold energy
(8EeV), this simplification is admissible. We can choose the
zeroth-order solution with any prescribed value of dipole
anisotropy. For d≪ 1, we take
f
(0) = δ(p− 1)(1− d · p). (24)
We must say a few words about definitions. One can
define the dipole d, quadrupole Qij , etc., as moments of the
distribution function
d =< v >p, Qij =< vivj >p −1
3
δij , ..., (25)
where < ... >p means averaging over cosmic ray momenta
at a given point in space, v ≡ pˆ is the CR velocity. With
this definition, the maximal possible dipole, when all CRs
move in the same direction, is 1 or 100%. The definition of a
dipole adopted in CR studies, including Auger (2017), is dif-
ferent by a factor of −3. Here the minus sign is because one
uses arrival directions, not the CR velocities. The factor of
3 is just a convention. To avoid terminological confusion, in
Eq.(24) and throughout the paper, we follow the convention
and replace the definitions (25) by
d = −3 < v >p, Qij = 3 < vivj >p −δij , ..., (26)
The first-order distribution function satisfies
pˆ · ∂f
(1)
∂r
+ (pˆ×B) · ∂f
(0)
∂p
= 0, (27)
or
pˆ · ∂f
(1)
∂r
− δ(p− 1)(p×B) · d = 0. (28)
Equation (28) can be solved by integration over the zeroth-
order unperturbed trajectory (straight line):
f
(1)(r,p) = δ(p− 1)(d× p) ·
∫ 0
−∞
dτB(r+ τp). (29)
At second order,
pˆ · ∂f
(2
∂r
+ (pˆ×B) · ∂f
(1)
∂p
= 0. (30)
Now consider the large-scale part of f ,
F ≡< f >, (31)
obtained by averaging the distribution function over B. We
have
F
(0) = f (0), F (1) = 0, (32)
and Eq.(30) gives
pˆ · ∂F
(2)
∂r
+ < (pˆ×B) · ∂f
(1)
∂p
>= 0. (33)
The average in Eq.(33), with f (1) given by Eq.(29), is
< (pˆ×B) · ∂f
(1)
∂p
>= δ(p− 1)eijkenmldmpj ∂
∂pi{
pl
(∫ ∞
0
dτΦ(τ )δkn +
∫ ∞
0
dτΨ(τ )pkpn
)}
, (34)
where eijk is the absolutely antisymmetric unit tensor,
and the summation convention is assumed. The Ψ term in
Eq.(34) is symmetric in ln and drops out because of enml.
We get the final form of the average
< (pˆ×B) · ∂f
(1)
∂p
>= − 1
3D
δ(p− 1)d · p, (35)
where we have defined
1
3D
≡ 2
∫ ∞
0
drΦ(r). (36)
With the average given by Eq.(35), Eq.(33) gives
F
(2) =
1
3D
δ(p− 1)d · r. (37)
To first two orders in B, the average distribution func-
tion is
F = δ(p− 1)
{
1− d · p+ 1
3D
d · r
}
. (38)
Let n be the CR density given by F . Then the CR flux is
j = −1
3
nd = −D∇n, (39)
MNRAS 000, 1–6 (2017)
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meaning that
D ≡ 1
6
(∫ ∞
0
drΦ(r)
)−1
=
4pi
3
(∫ ∞
0
dk kM(k)
)−1
(40)
is the CR diffusion coefficient and giving a well-known re-
lation between the dipole anisotropy and the CR density n:
d = 3D
∇n
n
. (41)
In agreement with the qualitative result Eq.(2), the dif-
fusion coefficient (40) can be written as
D =
CD
rcB2
= CD
cρ2
rc
, (42)
where CD is dimensionless number, and we assume that the
magnetic field correlation function Φ(r) falls off fast enough
at large r. For the model magnetic field Eq.(19),
CD =
(
2
pi
)1/2
. (43)
3.3 Fluctuations of the dipole direction
Now we will calculate the rms value of the dipole deflection
from the mean density gradient. The zeroth-order dipole is
just d. The first-order dipole is
d
(1) = −3
∫
d3p
4pi
f
(1)
pˆ. (44)
The rms value of the (small) angle χ between the true dipole
direction and d is, to leading order,
χ
2 =
1
d2
< d
(1)2
⊥ >, (45)
where d
(1)
⊥ is the first-order dipole component perpendicular
to d and, as always, < ... > is the average over magnetic
field.
With d(1) from Eq.(44) and f (1) from Eq.(29), Eq.(45)
gives, after some manipulations,
χ
2 = 9
∫
d2pˆ
4pi
∫
d2qˆ
4pi
∫ ∞
0
dτ
∫ ∞
0
dσ pˆ⊥ · qˆ⊥
(
(pˆ⊥ · qˆ⊥)Φ(r) + τσ
r2
(pˆ⊥ × qˆ⊥)2Ψ(r)
)
,
r ≡ τ pˆ− σqˆ. (46)
To simplify the integrals, we can average, at fixed pˆ, qˆ, τ ,
σ, over the directions of the unperturbed dipole dˆ (with re-
spect to which the perpendicular components pˆ⊥ and qˆ⊥ are
defined):
< (pˆ⊥ · qˆ⊥)2 >d= 1
15
+
7
15
(pˆ · qˆ)2, (47)
< (pˆ⊥ · qˆ⊥)(pˆ⊥ × qˆ⊥)2 >d= 4
15
(pˆ · qˆ) (1− (pˆ · qˆ)2) . (48)
With
µ ≡ pˆ · qˆ, (49)
we now have
χ
2 =
3
10
∫ 1
−1
dµ
∫ ∞
0
dτ
∫ ∞
0
dσ
(
(1 + 7µ2)Φ(r) + 4
τσ
r2
µ(1− µ2)Ψ(r)
)
,
r
2 = τ 2 + σ2 − 2µτσ. (50)
Changing the integration variable from µ to r, we rewrite
Eq.(50) as
χ
2 =
3
10
∫ ∞
0
dτ
∫ ∞
0
dσ
∫ τ+σ
|τ−σ|
rdr
τσ(
(1 + 7µ2)Φ(r) + 4
τσ
r2
µ(1− µ2)Ψ(r)
)
,
µ =
τ 2 + σ2 − r2
2τσ
. (51)
Now change τ and σ variables:
u ≡ τ + σ, v ≡ τ − σ, (52)
χ
2 =
3
5
∫ ∞
0
dr
∫ ∞
r
du
∫ r
−r
dv
r
(
1 + 7µ2
u2 − v2Φ(r) +
µ(1− µ2)
r2
Ψ(r)
)
,
µ =
u2 + v2 − 2r2
u2 − v2 . (53)
After the last change of variables, u → ru, v → rv, we get
two terms. The first one is proportional to∫ ∞
0
dr rΦ(r) = 0, (54)
by Eq.(11). The second term, after calculating∫ ∞
1
du
∫ 1
−1
dv
(1− v2)(u2 − 1)(u2 + v2 − 2)
(u2 − v2)3 =
pi2
16
, (55)
becomes
χ
2 =
3pi2
20
∫ ∞
0
dr rΨ(r) =
3
20
∫ ∞
0
dkM(k). (56)
The rms dipole deflection angle is then
χ = CχBrc = Cχ
rc
ρ
, (57)
where Cχ is a dimensionless coefficient. For the model mag-
netic field Eq.(19),
Cχ =
pi
2
√
5
. (58)
Our theory works for small magnetic field, when ρ≫ rc,
and the dipole deflection is small. At ρ ∼ rc, the theory
should be roughly applicable, giving χ ∼ 1, as has been
claimed in §2.
3.4 The rms quadrupole
To first order, the quadrupole is
Qij =
∫
d3p
4pi
f
(1)(3pˆipˆj − δij). (59)
The rms value of the quadrupole Q is given by
Q
2 =< Q2ij >, (60)
MNRAS 000, 1–6 (2017)
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where the average is over the magnetic field. With Qij from
Eq.(59), f (1) from Eq.(29), Eq.(60) gives, after some manip-
ulations,
Q
2 = 3
∫
d2pˆ
4pi
∫
d2qˆ
4pi
∫ ∞
0
dτ
∫ ∞
0
dσ (3(pˆ · qˆ)2 − 1)
(
(d2(pˆ · qˆ)− (d · pˆ)(d · qˆ))Φ(r) + τσ
r2
(d · (pˆ× qˆ))2Ψ(r)
)
,
r ≡ τ pˆ− σqˆ. (61)
As before, we can average over the dipole directions without
changing the result:
< (d · pˆ)(d · qˆ) >d= 1
3
d
2
pˆ · qˆ (62)
< (d · (pˆ× qˆ))2 >d= 1
3
d
2(pˆ× qˆ)2, (63)
define
µ ≡ pˆ · qˆ, (64)
and get
Q
2 =
1
2
d
2
∫ 1
−1
dµ
∫ ∞
0
dτ
∫ ∞
0
dσ (3µ2 − 1)
(
2µΦ(r) +
τσ
r2
(1− µ2)Ψ(r)
)
,
r
2 = τ 2 + σ2 − 2µτσ. (65)
We can now retrace the steps which lead from Eq.(50)
to Eq.(56) and get
Q
2 =
2
3
d
2
∫ ∞
0
dr rΨ(r), (66)
or
Q =
2
√
10
3pi
χd. (67)
At the limit of applicability, when ρ ∼ rc, and the dipole
deflection angle is χ ∼ 1, the theory predicts a quadrupole
of order the dipole, as claimed in §2.
4 CR DIFFUSION AT HIGH ENERGY:
NUMERICAL
Full agreement of the qualitative analysis of §2 and the
rigorous theory of §3 leaves little doubt that at ρ ∼ rc the
CRs have dipole anisotropy d ∼ ρ
R
, sometimes pointing away
from the Galactic center, with a quadrupole of order the
dipole. Still, as CR diffusion at high energy is such a simple
process, one cannot resist simulating it directly, by following
trajectories of charged particles in a given (random) static
magnetic field.
We model the magnetic field of the Galaxy by a sum of
300 Fourier harmonics with random phases, random direc-
tions of wavevectors, random amplitudes, with k · Bk = 0,
with a fixed wavenumber k. This gives a Gaussian isotropic
parity-invariant solenoidal random field with a well-defined
correlation length. We use k−1 = 0.1kpc and the rms mag-
netic field B = 10µG.
We further specify:
• A CR never returns after it leaves the (magnetic)
Galaxy – a right circular cylinder with 23kpc diameter and
8kpc height.
• All CRs have Z = 7, E = 8EeV.
• CRs are observed at r = 8kpc and z = 0.
• CRs originate at r < 5kpc and |z| < 1kpc.
The last assumption, regarding the CR sources, is al-
most arbitrary. One needs to know how often Sgr A∗ flares
with L & 3 × 1041 erg
s
as compared to how often stars ex-
plode with a similar luminosity. In addition, one needs to
know if such explosions do accelerate Z = 7 CRs to 8EeV –
L & 3×1041 erg
s
is just a necessary condition, not a sufficient
one.
Different types of stars are differently distributed in the
Galaxy. According to Bland-Hawthorn & Gerhard (2016)
the photometric thin disk radial scale length is about 2.5kpc.
On the other hand, some models for neutron star distribu-
tion put the peak density at r = 6kpc (Sartore 2010).
Also the true magnetic field of the galaxy is certainly
not an isotropic random field. The magnetic field (both ob-
served and simulated) knows about the spiral arm struc-
ture of the Galaxy (e.g., Pakmor et al. 2017, 2018; Han et al.
2018; Jansson & Farrar 2012). It is also clear theoretically
that the large-scale magnetic field cannot be isotropic in a
differentially rotating disk.
Thus, although our numerical calculation of the CR tra-
jectories is perfectly correct, our modeling of the magnetic
field and the CR sources is poor. The results of this section
have the status of an illustration.
For each of 100 randomly selected observation points
(all at r = 8kpc, z = 0), we trace back 30,000 CR trajectories
and give each trajectory a weight proportional to the time
the trajectory spends in the source region (r < 5kpc, |z| <
1kpc) before it ultimately leaves the Galaxy. This gives us
100 simulated maps of CR arrival directions.
For each map, we calculate the dipole d = −3 < v >p
and the quadrupole Qij = 3 < vivj >p −δij . We get, aver-
aging now over the observation points,
< d
2
>
1/2= 0.26,
(
< (d2)2 > − < d2 >2)1/4 = 0.25, (68)
< Q
2
>
1/2= 0.12,
(
< (Q2)2 > − < Q2 >2)1/4 = 0.10.
(69)
The dipole points away (at more than 90◦) from the Galactic
center in
23% (70)
of observation points – just a factor of two smaller than if it
were random.
5 SUMMARY AND DISCUSSION
Theory of cosmic ray diffusion, valid at high energy, when
the Larmor radius is much larger than the magnetic field
coherence length rc,
ρ ≡ E
ZeB
≫ rc, (71)
predicts (R is the “size of the Galaxy”):
MNRAS 000, 1–6 (2017)
6 A. Gruzinov
(i) the CR diffusion coefficient
D ∼ cρ
2
rc
, (72)
(ii) dipole anisotropy
d ∼ ρ
2
rcR
≪ 1, (73)
(iii) dipole deflection angle
χ ∼ rc
ρ
≪ 1, (74)
(iv) quadrupole anisotropy
Q ∼ ρ
R
≪ d. (75)
For ρ ∼ rc, when the theory should still be valid to
order of magnitude, it predicts a dipole sometimes pointing
away from the Galactic center and a quadrupole of order the
dipole.
Our results do not mean that all or some 10EeV cos-
mic rays are Galactic, but they do mean that all or some
10EeV cosmic rays can be Galactic. In particular, the ob-
served dipole anisotropy can be of a purely Galactic origin,
even though the dipole points away from the Galactic center.
An illustrative calculation of §4 gives the rms dipole
equal to 26%. The observed dipole is 6.5%. One can then
propose the following interpretation. Most of the observed
10EeV cosmic rays are extragalactic, and these are isotrop-
ically distributed in the sky. But some 20% of the observed
10EeV cosmic rays originated in the Galaxy. These CRs are
highly anisotropic. It just so happens, that the (inevitable)
dipole anisotropy of the Galactic CRs is magnetically lensed
away from the Galactic center.
A quadrupole measurement might become possible with
better CR statistics. Our theory firmly predicts a quadrupole
of order the dipole (a factor of 2 smaller in the illustrative
numerical calculation).
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